Considering the variance and correlation of uncertain parameters, this study presents a new approach to computing net present value (NPV) of the financial processes. The changes of the uncertain parameters are postulated in a closed and convex region called the uncertainty region. The size and shape of the uncertainty region is selected based on the historical data and risk-taking or risk-aversion of the investor. The variance of cash flows is of high significance in analyzing the sensitivity of NPV. The model proposed in this study is highly reliable because of entering the covariance of historical data.
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In this study, using the robust approach, the mathematical formulation computing the robust NPV is presented. Programming of the presented robust NPV was done in C++ programming environment. The robust NPV is analyzed through presenting numerical examples. Simulating 10,000 random scenarios of uncertain parameters demonstrates that in circumstances where the traditional approach to computing NPV is doomed to a percentage of failure to make decisions, the robust approach never faces failure. The more positive the skewness in the scenarios produced, the higher is the probability of encountering failure in the traditional approach; whereas the robust approach still does not fail.
Introduction
One of the most important and frequent decisions managers have to make is the selection of new industrial projects. One of the most fundamental criteria for financial measurement of projects is their net Present Value (NVP) defined as the sum of present values of annual net incomes earned in the period of the project exploitation [1] . Most firms undertake projects with the goal of making profit, and profitability is often measured as the discounted value of a project's cash flows. It is very important to use precise data in calculating NPV, for the feasibility of a project may change by fluctuation of the data. For financial decision making, it is quite clear that dependence on such uncertain criteria may bring about unpleasant consequences. According to Ingersoll [2] , in the presence of uncertainty, the expected NPV of the investment, rather than the point estimate, has to be used. Point estimates are not consistent with the decision makers' state-of-belief. In this study, it is attempted to find a relation to calculate NPV, in which, considering uncertainty, the covariance of uncertain parameters can be used in calculations in addition to the mean value of uncertain parameters. It is also tried to determine the region of changes of uncertain parameters so that the NPV obtained is better and more reliable for decision making.
Literature review
In this section, a review of the literature related to the importance of NPV, its applications, and different ways of calculation from some scientists' point of views is presented. Regarding the use of NPV, Sobel et al. [3] argue that in addition to comparing several economical proposals, NPV is an appropriate criterion which can be employed to plan the projects. Ross [4] points to the inefficiency of traditional NPV method for economically assessing the projects, and stresses that if this criterion is ever to be used, it should be modified. Highlighting the weaknesses of NPV, Berkovitch and Israel [5] assert that firms indeed use criteria like internal rate of return (IRR), payback period, and profitability index (PI) more often than the NPV criterion in selecting projects. Magni [6] also refers to the inefficiency of the NPV method and states that the use of this criterion in decision making leads to some conflicts. In a review of Magni's (2002) article [6] , Reyck [7] comments that the main thesis of that paper was incorrect, and finance theory, when correctly applied, can be used to value investment projects by comparing assets of equivalent risk. In addition, he points to the fallacies in the author's reasoning. To encounter future ambiguities, scholars exploited the historical data about uncertain parameters. For example, it is a common practice to replace the nominal mean as the expected value in the future with uncertain parameters. The past approaches suffered from some limitations; that is to say, the variance and mean of the data as well as their correlation were not taken into account in those methods, and in most cases the nominal mean could not appropriately represent the introduced value expected in the future. In order to encounter the effect of changes of uncertain parameters from estimated values, researchers consider the uncertain causes. For dealing with uncertainty, a variety of techniques have been presented which are generally divided into two main groups, namely passive and proactive approaches [8] . Passive approaches usually enter the data obtained from uncertain parameters pointwise, and after the problem is solved, the sensitivity of the solution to uncertain parameters is measured. Sensitivity analysis is one of the methods used for assessing sensitivity to uncertain parameters. This method considers the effect of the changes of one entry parameter on the output parameter. For instance, Jovanovic [9] uses sensitivity analysis to study the interval of NPV changes while the inputs of the problem change in assumed intervals. In this method, each entry parameter is given a correction coefficient and the effect of changes of correction coefficients on the estimated NPV is taken into account. This approach considers the same coefficients for a certain variable in all periods of the project; nevertheless, these changes indeed will vary in different years. For example, in the near future the coefficients are expected to be smaller but in the distant future, they are supposed to be greater. As was mentioned by Willem and Groenendaal [10] in practice, the changes of entry variables occur simultaneously although the analysis of the variability is usually restricted to deterministic sensitivity analysis, such as 'one-factor-at-a-time', and scenario analysis. These deterministic analyses, however, do not account for the total variability in the NPV. Accordingly, this method is not so efficient and might mislead the decision makers. Xu and Gertner [11] stress that the variability of outputs of a model varies according to the effect of uncertainty of independent, and dependent inputs. That is, the correlation of inputs to the model should be separately taken into account in the sensitivity analysis of the outputs, despite the fact that, in this approach, the correlation between inputs is not considered.
Another group of approaches for dealing with uncertainty is proactive ones. Proactive approaches require more information about uncertain parameters in the process of modeling and problem-solving and consequently their resulting solution is of higher quality in uncertain conditions. In fact, in proactive approaches, the solution is already prepared to deal with uncertainty. Scenario analysis belongs to this group. In analyzing scenarios, each scenario is a description of qualitative and quantitative values of uncertain data of a problem. In uncertain circumstances where there is no statistical information available, this approach is appropriate since it can predict the future use of experts' opinions [12] . One drawback of this approach is that it is almost impossible to count and examine all possible scenarios [13] . Therefore, in this approach, it suffices to predict the best, the worst, and the mean scenarios which neither consider the correlation between the data, nor provide the proper information for decision making. Employing approaches based on Monte Carlo simulation are among other proactive approaches. Willem and Groenendaal [10] argue that the analysis of the variability is usually restricted to deterministic sensitivity analysis, such as 'one-factor-at-a-time' and scenario analysis. These deterministic analyses, however, do not account for the total variability in the NPV. Coates and Kuhl [14] point out that simulation software such as SLAMII (based on Monte Carlo) can be used to estimate the NPV distribution. Using the mean and standard deviation of cash flows of different years and considering their normal distribution, they simulate many random scenarios thereby estimating the NPV distribution. Due to consideration of the information on the standard deviation of uncertain variables, their approach is more reliable than traditional approaches. Besides, they take simultaneous changes of uncertain parameters into account in computing NPV. However, since no certain NPV is predicted for the future in this approach and only the NPV statistical distribution is estimated, it is quite difficult to compare projects for choosing the most economical project. In other words, this approach utilizes the point estimation of the difference between the means of the two projects' NPV to compare the two projects at disposal. In this approach, the comparison of n projects leads to 2 n two-by-two comparisons of NPV means of the projects, which is complex and cumbersome.
Another proactive approach is the real option approach proposed by Dixit and Pindyck [15] . In this approach, decision making about the economical projects consists of a flexible process. Each project is divided into several decision-making phases. After finishing each phase, entering certain information obtained from the market conditions, the discount rate and the amount of expenses and revenues, a new decision is made. When a decision is to be made, options which might occur for the life cycle of a project are taken into account and their effect on estimating the discount rate of the project and computing the NPV are considered. Lin [16] states, ''the decision-making process based on the Real Option Approach (ROA) is more realistic than that based on the NPV rule since it considers the uncertainty regarding future costs and output prices, investment irreversibility, and managerial flexibility, meaning the decision is not 'now or never' but rather 'now or later'''. Reyck, et al. [17] stress the above-mentioned point and argue that in fact, even if a project has a positive NPV, this does not necessarily mean that the project should be taken on immediately. Sometimes postponing a positive NPV project can further improve the value of the project. Types of possible options are introduced by Campbell and Harvey [18] It is claimed that in this approach, when the real options are taken into consideration, the project is less risky because the probability of the negative big output is removed. In addition, since the project is less risky, a discount rate lower than the one common in the economical market should be considered for the valuation of the project. It can be indicated that consideration of this option may lead to the adoption of projects that would otherwise have been overlooked as too risky or offering too low a return [19] . The value of a project estimated by the ROA is greater than that estimated by the NPV method. In other words, the NPV tends to undervalue investments [20] . Moreover, this method creates a formal appeal for entering a project. Furthermore, as Ross [4] mentions, since the project can be delayed indefinitely, the OANPV (option adjusted NPV) is never zero no matter how large the interest rate and how negative the NPV. However, abandoning a project after accepting it or waiting for conditions expected to occur involve expenses such as losing the opportunity to invest on other projects, and the expenses of capital stagnation which are not taken into account in this method.
Kunsch, et al. [21] observe, ''the choice of a discount rate for comparing environmental costs distributed over time is a difficult task, because of the multi-generational impacts of long-term externalities'' and certain methods should be employed in this regard. Samis, et al.'s [22] recognizes that in the real options method it is sometimes essential to consider two different discount rates, namely time discount rate and risk discount rate for an asset (especially assets of natural resources, such as mining or swamp exploitation, etc.). Usually the time discount rate is determined in terms of the type of asset and how it is eroded or devastated; meanwhile, the risk discount rate is computed by the available economy market. To compute the NPV of the asset, time and risk discount rates are added up while there is no strong mathematical argument for adding up these two discount rates.
There seems to be two statuses about uncertain parameters; first, probable status, i.e. knowing the probable statistical distribution of the uncertain parameter; and second, uncertain status where there is no information available about the way uncertain parameters are probably distributed. In this article, the decision is made under probable conditions. It is obvious that the only resource to future uncertainty is historical information, and the more information is involved in calculations, the more reliable solutions will be gained.
It was mentioned at the beginning of the literature review that traditionally, the nominal mean of uncertain parameters are used as the expected value in the future. If the transgression from the mean value is considered for each parameter, more reliable results will be obtained. Borgonovo and Peccati [23] have conducted sensitivity analysis of NPV by following methods:
They suggested that NPV changes are independent of chosen distribution for cash flows; rather, they depend upon the variance of uncertain parameters. Emphasizing the significance of entering the variance of cash flows in NPV calculation, the robust approach presented in this study considers variance and covariance of uncertain parameters in calculating robust net present value (RNPV). Deviations of uncertain parameters are postulated in a closed and convex space as U. Uncertainty region U is a unit ball centered by a nominal value of uncertain parameter. Radius of the uncertainty region changes by exerting coefficient r, according to the expected risk for the investor. The meaning of the unit ball differs in various structures defined by norms and the appropriate norm is chosen according to the statistical distribution of the historical data [24] . Such uncertainty region can be considered for all uncertain parameters as cash flows, the discount rate and the lifetime of the project. In this study, the uncertainty has been considered only for future cash flows to keep the formula simple. After determining the uncertainty region, considering the worst-case behavior for the uncertain parameter (for example ''a'' which is defined as the equal annual outcome of an assumed project) in uncertainty region U, a model is introduced to calculate RNPV. Being robust for NPV means that with deviations of uncertain parameters (for example ''a'') from their nominal value in the region U, the calculated NPV preserves its characteristics (to be positive or negative). It is obvious that decision makers need to make sure of the robustness of a project throughout the reasoned changes of uncertain parameters. Referring to the literature, the advantages and disadvantages of approaches for adequately dealing with uncertainty in calculating the NPV of the project are presented in Table 1 :
The rest of the paper is structured as follows: In Section 3, the uncertainty region is investigated and the robust NPV is formulated. The mathematical model of robust NPV is analyzed in Section 4. Simulation of the robust NPV is run in Section 5 and in the next section the results are discussed. Conclusions are presented in the last section.
Robust net present value
In the robust approach, the changes of the uncertain parameters are postulated in a continuous, closed, convex, bounded and non-null region. The concept of norm function is applied to make U uncertainty region. This article applies only to (1) It does not properly use historical data like data covariance, if available [14] . (2) Using this approach, it is difficult to investigate all scenarios and find out the worst and the best scenario [27] . Monte Carlo simulation (1) It takes historical data of parameters into account [14] . (2) It considers simultaneous changes of uncertain parameters [14] .
(1) Distribution of NPV is obtainable but not a value [14] . (2) Comparing economical plans is very difficult in terms of calculation [14] . (3) It does not consider the variance of uncertain parameters in NPV calculation [14] . Real option approach (1) Decision making is flexible [17] . (2) It contemplates the probability of scenarios happening in calculating NPV [18] . (3) It considers certain information obtained from past phases in the next decision stages [19] .
(1) It ignores expenditures of delay or quitting the project [19] . (2) It does not consider the variance of uncertain parameters in NPV calculation [18] . symmetric distributions whose contours can be approximated by a convex norm body. The following relationship exist for l 1 , l 2 and l ∞ norm bodies:
For more information, see [28, 29] . Various norm bodies in two-dimensional spaces and their comparison are sketched out as follows in [8] (see Fig. 1 ):
The Chebyshev norm (infinity norm body) is a rectangular cube associated with a joint uniform distribution with independent random parameters. The Euclidean l 2 norm body is a ball characterizing the level sets of a standard normal distribution for independent random parameters.
The standard equation to calculate NPV is:
where, c 0 is initial investment value i is discount rate, n is period of the project exploitation a j : is net cash flow of the j-th year of the period of project exploitation which occurs at the end of j-th period.
In this paper, small bold letters and capital letters are used to show vectors and matrices, respectively. It is assumed that the changes of uncertain parameter ''a'' occur in the closed, convex and continuous region U. U is defined as:
where, Eq. (3) µ a is the mean value of parameter ''a''. B q (r) is l q norm body which is built by the following definition:
W is an n × n symmetric positive definite matrix. W is the matrix square root of covariance matrix of uncertain parameter ''a''. It is calculated as:
In Eq. (5) ''C '' is the covariance matrix of uncertain parameter ''a''. (For more information about ''C'' refer to [30] .) In practice, the uncertainty region defined in (3), describes the changes of stochastic parameter ''a'' from its mean value µ a . These changes are affected by the change slope of W matrix and are defined as the disorders occurring in B q (r).
Applying the worst case in (2) (here the worst case for a, means choosing the infimum of a vector which can occur in U(q, r)), we have:
Using definition (3) we have:
For each arbitrary x, we have inf(x) = − sup(−x), therefore:
According to norm function properties in [24, 29] , the following relation exists:
relation (8) can be obtained as:
Based on the definition of the dual norm [29] , the dual of the l q norm is the l p norm where q satisfies 1/p + 1/q = 1, so it is concluded that:
A robust model is proposed in (11) which obtains robust amounts of NPV by selecting various norm bodies and radiuses for the U uncertainty region. Considering the definition of NPV in (2), robust formulation can be summarized as follows:
(12) is final definition of RNPV.
Robust net present value analysis
Based on what is defined in (12) In this figure, the quality of NPV and RNPV variations in relation to i, is monitored. By increasing the discount rate on the horizontal axis, x decreases according to x j = (1/ (1 + i)) j . Decrease in x results in a reduction in the difference between NPV and RNPV, and at i = ∞ where the elements of x approach zero; this difference is getting close to zero, and both curves approach c 0 (initial investment that is $100 million in this example). In other words, −c 0 is the asymptote of 2 curves. The rate of return (ROR) is attained from NPV = 0, which, according to the figure, is 25.3%, whereas robust rate of return (RROR) is 14%. Now, if the minimum attractive rate of return (MARR) is less than 14% for an investor, considering both approaches, the project is attractive to invest on. If the investor's MARR is more than 25.3%, then considering both approaches the project is uneconomical; but if the investor's MARR is between 14% and 25.35%, then being attractive or not, depends on the investor's own characteristics, i.e. how risk-taking or risk-aversive they are. Selecting an appropriate approach is discussed in detail in the simulating section. Another impressive element in the difference between NPV and RNPV is selecting the q norm whose effects are summarized in the following observations: 
Proposition 1. A greater uncertainty region obtains a smaller RNPV:
Proof. From (1) we have:
If both sides of the above relation are multiplied by −r which is a negative real number, we will have:
adding NPV 0 to both sides of the above equation
According to robust relation definition (13) , it follows that:
Fig. 3 demonstrates this fact:
In this figure, RNPV is calculated for different amounts of q-norms where the radius of uncertainty region is constant (r = 2) and simultaneous comparison with NPV is presented. The rate of return (ROR) estimated via traditional NPV method is 25%, whereas if decision is made with a robust approach, various rates of return are gained depending on the amount of predicted uncertainty and risk for uncertain parameter ''a''. If the investor predicts a large domain for perturbation of an uncertain parameter under risky circumstances, they select the biggest region for the uncertain parameter by choosing l ∞ norm in case they want to make a conservative decision. In this case, they obtain ROR = 0.15, whereas choosing l 1 results in the smallest uncertainty region, which means that the investor expects less risk for the future and a big uncertainty region is not needed. In this condition, the rate of return is prospected 20% via a robust approach. l 2 norm estimates an 18% rate of return which is an average condition in proportion to other extreme norm bodies. The radius of uncertainty region (r) is another element in robust formulation (12) influencing the difference between RNPV and NPV. Because r is a positive real number, existence of the following observation is trivial based on (12).
Observation 2:
The bigger the radius of uncertainty region, the smaller the amount of RNPV will be. When the investor predicts vast perturbation for any uncertain parameters and considers a big radius for the uncertainty region, the robust approach predicts a smaller rate of return. In Fig. 4 , the traditional approach predicts a 25% rate of return for the project. The robust approach estimates a 14% rate of return under circumstances in which the decision is made very progressively and r = 3 is considered as the radius of uncertainty region. However, with a little more risk and choosing a smaller radius r = 1, the rate of return will reach 21%. Another effective element in the difference of NPV and RNPV is the variance from the mean value and their covariance with each other. This exists in W which is the square matrix of the covariance matrix of uncertain parameters. There are 2 matrices W 1 and W 2 . W 2 < W 1 means that each element of W 1 is greater than or equal to the corresponding element of W 2 . The following observation explains the effect of the covariance matrix size on the calculated RNPV.
Observation 3: Considering a greater covariance matrix leads to a smaller RNPV.
Because in calculating ‖W
T x‖ p , the elements of each W row is crossed in the same position as the element of the ''x'' vector, and the absolute amount of this product is used in norm calculation, it is obvious that the greater the components of W , the greater is the magnitude of ‖W T x‖ p and based on (12) , a smaller RNPV is gained. It is illustrated in Fig. 5 . Since higher variance and covariance of parameters lead to higher risk in decision conditions, it gives a less robust ROR. Among the effective components on RNPV mentioned above, selecting a radius and norm for the uncertain region is dependent on the investor's characteristics, their expected risk, and further historical data. However, the size of covariance matrix is just under the influence of existing historical data of uncertain parameters rather than the investor's characteristics.
Simulation of the robust net present value
Many people find the percentages of ROR easier to understand than NPV [31] , especially, when investors use bank-loans with fixed interest rates. So ROR and RROR are calculated (simply from NPV = 0 and RNPV = 0) in this study to compare projects. Nominal and robust NPV relations are programmed by C++ and it has run for 10,000 stochastic scenarios of a i for an assumed project. The rate of return for the 10,000 scenarios is calculated and the results are proposed as follows. The rate of return for the traditional approach is calculated as 25.31%. The robust approach gives this rate as 14.23% considering r = 2 and q = 2. Suppose that an investor wants to decide about selecting traditional or robust approach for a suggested project. The investor's criterion for decision making is the minimum attractive rate of return (MARR). Three situations may occur:
A: If the investor's MARR is more than 25.31%; because both approaches calculate the project's MARR less than or equal to 25.31%, they will suggest the investor not to accept the project. So there is no discussion on choosing the suitable approach.
B: If the investor's MARR is less than or equal to RROR; then both approaches encourage the investor to accept the project and failure of approaches occur when the scenario obtained ROR is less than investor's MARR. For example, if MARR = 13%, the prediction failure means that the project had been predicted as profitable but practically, the project's ROR is less than the investor's MARR. The summary of this situation is presented in Table 2 and Fig. 6 . C: If the investor's MARR is between ROR 0 and RROR (e.g. 22%), then the traditional approach which obtains 25.31%, renders the project attractive. The robust approach forecasts 14.23% for ROR and suggests avoiding entering the project. What occurred in simulation is that 1564 cases of 10,000 scenario encountered an ROR less than 22% (so the project does not seem economical for investors and in fact the traditional approach has encountered failure in 15.64% of times) whereas, the robust approach does not face any failures. As shown in Fig. 7 , the more investor's MARR is close to the traditional ROR and far from RROR, the more the traditional approach faces failure in the case that when MARR < 25.31% -the worst case -4965 scenarios out of 10,000 confronted failure, which means about 50% !
Discussion
In the example studied, simulation is conducted producing 10,000 stochastic scenarios of nominal cash flows with an arbitrary mean value and covariance matrix. The traditional approach uses a mean value of parameters to calculate NPV. Therefore, there is a high chance of occurring in equal numbers at both sides of ROR 0 . Now, the normal distribution of scenarios is assumed to have skewness. For instance, in a situation where the investor's MARR is placed between ROR 0 and RROR -with a pessimistic approach -the number of scenarios, whose ROR is less than the mean value are more than 50%. In other words, the percentage of failure for the traditional approach increases, and the percentage of good projects which the robust approach may miss, decreases. Conversely, with an optimistic approach in which the normal distribution of scenarios has a negative skewness, more than 50% of scenarios occur with an ROR higher than the mean value. The failure percentage of the traditional approach decreases and the robust approach remains with no failure in forecasting. Hence, choosing an appropriate approach depends on the investor's information about the probability of occurrence of each scenario in addition to being pessimistic or optimistic about future scenarios.
Conclusion
When the cash flows of the period of project exploitation are random and dependent, calculating NPV is an important practical problem. In this study, the robust approach was presented for dealing with random and dependent net income of a cash flow. The robust approach has high reliability because it considers the information about variance and correlation of historical data in calculating NPV. In this approach, the changes of the uncertain parameters are postulated in a closed and convex region called the uncertainty region. The size and shape of the uncertainty region is selected based on the historical data and risk-taking or risk-aversion characteristics of the investor [24] . A mathematical relation for calculating NPV was acquired from the robust approach and the quality of the solutions was evaluated using simulation in a C++ programming environment. The analysis of robust relation was done through numerical examples. These examples show that the robust approach always results in a lower NPV than the traditional approach. The more risky circumstances the investor predicts for the future and the more conservatively they may decide, the bigger the uncertainty region they would consider for the changes of uncertain parameters. A smaller robust NPV is acquired as the uncertainty region gets bigger and bigger. A comparison was presented using the robust approach versus the traditional approach for calculating NPV. This comparison was done with the help of 10,000 stochastic normal scenarios. As a result of this simulation, when the traditional approach fails by 15.64% probability, the robust approach does not face any failures. If stochastic distribution of scenarios has a positive skewness (while pessimistic scenarios are more probable), the percentage of failure of the traditional approach increases and in the worst conditions; it reaches 50% yet the robust approach remains with no failure.
